


0.21 Definition 11: Tangent plane to a level surface S.

For a differentiable function f on D with P0(x0, y0, z0) in D and ∇f(x0, y0, z0) 6= 0, we
define the tangent plane to the level surface f(x, y, z) = k at P0 as the plane that passes
through P0 and has normal vector ∇f(x0, y0, z0). Then, the plane is given by the equation

fx(x0, y0, z0)(x− xo) + fy(x0, y0, z0)(y − y0) + fz(x0, y0, z0)(z − z0) = 0

Specialize this theorem to functions of two variables f(x, y).
What can be said?

0.22 Definition 12: Local Maximum and Local Minimum

Let D ⊆ R2 be the domain of the function f .

i) A function of two variables has a local minimum at (a, b) if f(x, y) ≥ f(a, b) for
all points (x, y) in some Br(a, b) contained in D. The number f(a, b) is called a a local
minimum value of f .

ii) A function of two variables has a local maximum at (a, b) if f(x, y) ≤ f(a, b) for
all points (x, y) in some Br(a, b) contained in D. The number f(a, b) is called a local
maximum value of f .
Discuss the concepts of absolute maximum and minimum.

0.23 Theorem 7: Necessary Condition for a Relative Extrema

If the following two conditions are verified:
i) f has a local maximum or minimum at (a, b)
. and
ii)The first order partial derivatives fx(a, b) and fy(a, b) exist, then

fx(a, b) = 0 and fy(a, b) = 0

0.24 Definition 13: Critical Points

A point (a, b) is called a critical point of a function f if

fx(a, b) = 0 and fy(a, b) = 0,

or if one of these partial derivatives does not exist at (a, b).



0.25 Theorem 8: Test for Relative Extrema

Consider a function f defined on a domain D of R2, then if

i) There is a point (a, b) in D, such that fx(a, b) = 0 and fy(a, b) = 0. It means the point
(a, b) is a critical point of f .

ii) The second-order partial derivatives fxx, fxy, and fyy are continuous in a disk Br(a, b)
contained in D.

iii) D(a, b) = fxx(a, b)fyy(a, b)− (fxy(a, b))2,

then

a) If D(a, b) > 0 and fxx(a, b) > 0, then f reaches a local minimum f(a, b) at the critical
point (a, b).

b) If D(a, b) > 0 and fxx(a, b) < 0, then f reaches a local maximum f(a, b) at the critical
point (a, b).

c) If D(a, b) < 0, then f(a, b) is not a relative extrema and there is a saddle point on
the graph of f at the critical point (a, b).

d) If D(a, b) = 0 the test gives no information.

Why?
Consider Duf in the direction of u = 〈h, k〉, then Duf = fxh + fyk and
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0.26 Theorem 9: Conts. functions on closed and bounded sets

If f is continuous in a closed and bounded set D in R2, then f reaches an absolute maximum
value and an absolute minimum value at some points (x1, y1) and (x2, y2) in D, respectively.
Discuss procedure to obtain them.








